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The main purpose of this paper is using the analytic methods to
study the hybrid mean value involving the character sums, general
quadratic Gauss sums and general Kloosterman sums, and give
several interesting mean value formulae.
© 2008 Elsevier Inc. All rights reserved.
1. Introduction
Let q 3 be an integer, χ be a Dirichlet character modulo q. Over the past several decades, many
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∣∣∣∣∣ c√p ln p,
where c is a constant. Actually, one can establish the above inequality with the constant c = 1. If χ is














where [y] denotes the greatest integer less than or equal to y. For general non-principal character,









< k · h,
where h is any positive integer. This was conjectured by Norton [10], who obtained the weaker upper
bound 98kh. To higher moments, Burgess [2] speciﬁed the problem to the case of q = p, and summed


























χ modq denotes the summation over all primitive characters modulo q and d(n) is the Dirich-
let divisor function.
In Ref. [16], the authors studied the 2kth power mean of the character sums over the interval
































χ(−1)=1 denotes the summation over all primitive characters modulo q such that
χ(−1) = 1, J (q) denotes the number of all primitive characters modulo q, ∏p|q denotes the product
over all prime divisors p of q, (mn ) = m!n!(n−m)! and  is any ﬁxed positive number.
It might be interesting to consider more mean value of the character sums over short interval.
In Sections 2 and 3, we shall study the hybrid mean value of the character sums, general quadratic
Gauss sums and general Kloosterman sums respectively.
950 T. Zhang et al. / Journal of Number Theory 129 (2009) 948–9632. Hybrid mean value of the character sums over short interval and the general quadratic Gauss
sums










where e(y) = e2π iy. This summation is very important, since it is it the generalization of the classical
quadratic Gauss sums. But we still know little about the properties of G(n,χ ;q), we do not even
know how large G(n,χ ;q) is! Since the value of |G(n,χ ;q)| is irregular as χ varies, one can only get
some upper bound estimates. For example, for any integer n with (n,q) = 1, from the general result
of Cochrane and Zheng [5] we can deduce that
∣∣G(n,χ ;q)∣∣ 2ω(q)q 12 ,
where ω(q) denotes the number of distinct prime divisors of q. The case that q is prime is due to
A. Weil [15].
However, G(n,χ ;q) enjoys many good value distribution properties. Zhang [20] studied the hybrid








∣∣G(n,χ ; p)∣∣4 · ∣∣L(1,χ)∣∣= 3 · C · p3 + O (p 52 ln2 p),
where C = ∏p(1 + (21)242·p2 + (42)244·p4 + · · · + (2mm )242m ·p2m + · · ·) is a constant, and (n, p) = 1. For the case




∣∣G(n,χ ; p)∣∣6 · ∣∣L(1,χ)∣∣= 10 · C · p4 + O (p 72 ln2 p).
Other results involving G(n,χ ;q) can be found in [21] and [23].
In this section, we shall study the hybrid mean value of the character sums and G(n,χ ; p), and
give several interesting asymptotic formulae. That is, we shall prove the following:
Theorem 2.1. Let p  5 be an odd prime and n be an integer with (n, p) = 1, then for any positive integer k,











= A · p
k+2
8
+ O (pk+ 32+),










is the product of all odd primes p1 with
p1 = p.












= 3 · A · p
k+3
8
+ O (pk+ 52+).
Theorem 2.3. Let p  5 be an odd prime with p ≡ 3 (mod 4), n be an integer with (n, p) = 1, then for any











= 5 · A · p
k+4
4
+ O (pk+ 72+).
To prove Theorems 2.1–2.3, we need the following lemmas:
Lemma 2.1. Let p be a prime, n be an integer with (n, p) = 1, χ1 be the Legendre symbol and G(n; p) be the
classical quadratic Gauss sums. Then we have





G(1; p) = 1
2
√
p(1+ i)(1+ e− π ip2 )= {√p, if p ≡ 1 (mod 4),
i
√















a2 − b2)χ1(b2 − 1).
Proof. See reference [20]. 
Lemma 2.2. Let q  5 be an odd integer and χ be a primitive Dirichlet character modulo q such that
χ(−1) = 1. Then we have the identity that
[ q4 ]∑
x=1
χ(x) = − iχ(4)
2π
τ(χχ4)L(1,χχ4),
where χ4 is the primitive Dirichlet character modulo 4.
Proof. This is Lemma 2 of [16]. 










∑′ denotes the summation over all a such that (a,q) = 1.
952 T. Zhang et al. / Journal of Number Theory 129 (2009) 948–963Proof. Let τk(n) denote the kth divisor function (i.e., the number of positive integer solutions of the
equation n1n2 · · ·nk = n), then for any parameter N with q N < q2k+1 and non-principal character χ



















































































































(|M1| + |M2| + |M3| + |M4|).
Now we shall estimate each term in the above expression.















































































































1nN denotes the summation over n from 1 to N such that (n,2q) = 1.
Noting that the solution of the congruence an2 ≡ n1 (mod d) is an2 = n1 only in the case 1 n1,




























































































































 a−1q1+ + aq,
where we have used the estimate τk(n)  n .





























































































|M1|  q1+ .
Noting the estimate (see Lemma 4 of [19])
∑
χ =χ0
∣∣A(y,χ)∣∣2  y2− 42k +φ2(q),





∣∣A(y,χ)∣∣ y2− 22k +q 32 .
0













































































































































Taking N = q2k and  < 2
2k









This completes the proof of Lemma 2.3. 
Proof of theorems. We only prove Theorems 2.2 and 2.3, similarly we can prove Theorem 2.1. Note
that G(n,χ ; p) = 0 for odd character χ modulo p, then for any integer n with (n, p) = 1, from
Lemma 2.1 we have
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χ mod p
χ =χ0


































































































a2 − b2)χ1(b2 − 1)







a2 − b2)χ1(b2 − 1)





b2 − a2)χ1(b2 − 1) 3√p, a2 ≡ 1 (mod p).








































































= 3 · A · p
k+3
8
+ O (pk+ 52 +),










is the product of all odd primes p1
with p1 = p. This proves Theorem 2.2.


















































































































































































= 5 · A · p
k+4
4
+ O (pk+ 72+).
This completes the proof of Theorem 2.3. 
3. Hybrid mean value of the character sums over short interval and the general Kloosterman sums











where aa ≡ 1modq.
Perhaps the most famous property of K (m,n;q) is the estimate (see [6] and [4])
∣∣K (m,n;q)∣∣ d(q)q 12 (m,n,q) 12 ,
where (m,n,q) denotes the greatest common divisor of m, n and q. For the case q = p, Klooster-
man [8] studied the fourth power mean of K (a,1; p), and proved the identity that
p−1∑∣∣K (a,1; p)∣∣4 = 2p3 − 3p2 − 3p − 1,
a=1




∣∣K (a,1; p)∣∣6  p4.
For any integers m and n, the general Kloosterman sums K (m,n,χ ;q) are deﬁned by









The various properties of K (m,n,χ ;q) were investigated by many authors. For example, Malyshev [9]
obtained a sharper upper bound estimation for K (m,n,χ ; p) as following∣∣K (m,n,χ ; p)∣∣ (m,n, p) 12 p 12+ .
But for an arbitrary composite number q, we do not know how large |K (m,n,χ ;q)| is. In fact the
value of |K (m,n,χ ;q)| is quite irregular if q is not a prime.
However, it is surprising that K (m,n,χ ;q) enjoys many good value distribution properties. Zhang














∣∣K (m,n,χ ; p)∣∣4 =
⎧⎨
⎩
p(2p2 − 3p − 3), if χ = χ0 is the principal charactermod p;
p2(3p − 7), if χ = χ1 is the Legendre symbol;
2p2(p − 3), if χ is a complex charactermod p.
He [19] also studied the hybrid mean value of Dirichlet L- functions and the general Kloosterman























+ O (q 32+).
It is very natural to consider the hybrid mean value of the character sums and the general Kloost-
erman sums, and try to give some asymptotic formulae. In this section, we shall prove the following:
Theorem 3.1. Let q  5 be an odd integer, m,n be integers with (mn,q) = 1, then for any positive integer k,



























+ O (qk+ 32+).
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∑∗
χ modq
















To prove Theorem 3.1 and 3.2, we need the following lemmas:
Lemma 3.1. Let q  5 be an odd integer and χ be a primitive Dirichlet character modulo q such that
χ(−1) = −1. Then we have the identity that
[ q4 ]∑
x=1
χ(x) = 2+ χ(2) − χ(4)
2iπ
τ(χ)L(1,χ).
Proof. This is Lemma 4 of [17]. 
























χ(ld + 1)∣∣L(1,χ)∣∣2k∣∣∣∣ q1+ .
Proof. This can be easily deduced from Lemma 5 of [19]. 




















Proof. This is Corollary 2 of [16]. 







)∣∣L(1,χ)∣∣4 = (3m + 5)π4














)∣∣L(1,χ)∣∣4 = (3m + 5)π4
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Proof of Theorem 3.1. Now we come to prove Theorems 3.1 and 3.2. From the properties of residue
systems we have






































































































Note that (m,q) = (n,q) = (a,q) = 1, and (1−a,q) = (aa−a,q) = (a(a−1),q) = (a−1,q), so we have




























































































+ O (qk+ 32 +).
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For the case k = 2, from Lemmas 3.1–3.4, we have
∑∗
χ modq

























































































46+ 8(χ(2) + χ(2))










































This completes the proof of Theorem 3.2. 
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